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 Microorganism motility supports many features in the microbial world and is 
closely linked to their abilities to find food, mate, and colonize, which are essential to 
their survival. While swimming, the organisms interact with their fluid environment in a 
manner quite different from our common human experience in fluids, making it 
interesting to understand the physics of such low Reynolds number hydrodynamics. In 
this dissertation, I discuss four different aspects of locomotion in viscous fluids. 
 We first study the suitable choice of computational method for swimming and 
pumping with a helical flagellar filament at a low Reynolds number. Comparing the most 
commonly used approaches to solve Stokes equations numerically, we provide a 
guideline for the optimal choice of the tuning parameters for a wide helical geometries 
range balancing the accuracy and computational time expenses. 
 We then study the effect of helical cell bodies on the swimming speed and 
trajectory by comparing to rod-shaped geometries. We validate our numerical model with 
experiments from high-frame-rate digital tracking and image processing for both helical 
and straight mutant (Helicobacter pylori) swimming mucin and broth solution. We find 
that the helicity of the cell body makes at most a 15% contribution to the additional thrust 
and change in swimming speed. 
 We also study the single-flagellated bacterial flicks and instabilities due to hook 
and flagellum flexibilities. We find that dynamic instability initiates bacterial flick and 
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then flexibility of the flagellar filament plays an important role in reorientation of the 
swimmer.  
 Finally, we consider hydrodynamic interactions of a swimmer with a complex 
biological environment and other passive particles in viscous fluid. We examine long-
range hydrodynamic interactions of a simple swimmer near spherical and filamentous 
obstacles and find that swimming velocity fluctuation is closely related to the correlations 
in density and orientations of obstacles. For the hydrodynamic interactions and approach 
of organisms with passive particles, we find exact solutions for the approach of spherical 
shapes in the cases that the swimmer is driven by a localized constant force and with 
distributed propulsion (squirmer model). We study the feasibility of approach and find 
that an organism can approach any similar size or bigger target compared to the 
organism’s size, but approaching smaller targets depends on the current strength 
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 Microorganism motility affects many aspects of life, including infections, 
reproduction, and life ecosystems. Locomotion can greatly aid organisms’ survival and is 
closely linked to the ability of finding food, mating, and colonizing new environments. 
Bacterial motion happens in a viscous flow at low Reynolds number where viscous effects 
are dominant and is different from our common experience at high Reynolds number. This 
lack of intuition about the physics governing swimming at low Reynolds number makes it 
interesting to study locomotion in detail to understand biology as well as to design 
microscale artificial swimmers.  
 Many researchers have studied swimming dynamics, measuring the swimming 
speeds and trajectories, and have then compared them to mathematical models (e.g., case 
review by [1]). Most commonly, the models used are the simplest possible and for 
swimmers in unbounded Newtonian fluid. For instance, the most common strategies used 
by organisms for their locomotion are a rotating flagellum or beating cilia. Mathematical 
models treat these using a rigid rotating helical flagellar filament or progressive waves of 
a ciliated surface, especially for spherical or ellipsoidal cell bodies [2]–[6].  
 However, besides swimming in unbounded fluids, many organisms live in complex 
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biological environments, confined media, or they interact with other cells and particles 
nearby. The approaches to model these interactions are different from the models used for 
a single cell in an unbounded domain and hydrodynamic interactions play an important 
role. It is desirable to have mathematical models that can capture these effects, such as by 
modeling complex environments with viscoelastic models of the fluids, or directly studying 
the hydrodynamic interactions of the swimmer with other objects or confined media [1], 
[5], [7]–[11].  
 In this dissertation, I discuss studies adding three different aspects of locomotion to 
the simplest models of swimming most commonly used so far, namely: the effect of helical 
cell bodies on the swimming speed and trajectory of organisms, the effect of flexibility of 
the hook and flagellum on the swimming dynamics, and the effect of hydrodynamic 
interactions of swimmers with complex environments and passive objects in the fluid.  
 From experimental observations, it is usually easier to measure the swimming 
speed, trajectory, and body rotation rate of the cell body. Taking advantage of the linearity 
of the Stokes equation governing the Newtonian viscous flow and employing appropriate 
mathematical and numerical models, one may match experimental observations to find the 
properties of the swimming cell, such as flagellum rotation rates, motor torques, or flow 
fields around the swimmer. Different numerical methods with different level of accuracy 
and computational expenses have been developed to solve the Stokes equation. For 
instance, resistive force theory (RFT) and slender body theory (SBT) are less 
computationally expensive and are useful for slender objects (especially slender flagella) 
while boundary element methods (BEM) and the method of regularized Stokeslets can be 
implemented for any object or swimmer moving in viscous fluid. In Chapter 2, we discuss 
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the different numerical approaches and their applications in modeling swimming and 
pumping of a wide range of helical filaments.    
 Using an appropriate approach to model swimming dynamics, we can study many 
parameters that can affect swimming dynamics and mobility of bacteria including different 
geometries or environmental properties of the viscous fluid. Organisms can be found in a 
wide variety of cell body shapes and a wide range of geometries of the flagellum helices. 
For a flagella-propelled bacteria, the rotating helical flagellum provides propulsion for the 
swimmer, and because the swimmer is force- and torque- free, the cell body counter-
rotates. For a spherical or ellipsoidal cell body, these rotations do not produce any 
additional thrust due to symmetry. However, geometries of the cell body can alter 
swimming speed because the drag on the cell body depends on its shape and in some cases, 
for example helical cells, may have additional contributions to the propulsive thrust. In 
Chapter 3, we study the effect of the cell body on the swimming speed and trajectory of a 
flagellated swimmer. 
 Most mathematical and numerical methods are designed to study rigid body motion 
of the organisms. In these efforts, the single or bundle of the flagellum is considered as a 
rigid helical filament rotating behind a rigid cell body [12], [13], [14], [15], [16], [4], [17], 
[18], [19]. However, the most recent experiments show that the flexibility of the hook or 
flagellum may play an important roll in mobility of bacteria [12]–[19]. For multi-
flagellated bacteria, the flexibility of the hook is essential in bundling and reorientation of 
bacteria in run and tumble motion. On the other hand, for the single-flagellated bacteria, 
the buckling of the hook and flexibility of the flagellum are the key parameters for the run-
reverse-flick mobility. Thus, it is necessary to analyze the effects of the flexibility to 
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understand mobility and swimming of bacteria. Hence we will discuss these effects and 
their effects on the swimming dynamics of the single-flagellated bacterium in Chapter 4. 
 Some microorganisms swim through complex biological environments. For 
instance, H. pylori  swims through gastric mucus, and mammalian sperm swim through the 
cervical mucus, both of which are more complicated than simple Newtonian fluids. These 
kinds of biological environments are viscoelastic gels made of cross-linked polymeric 
networks immersed in a liquid with behavior closer to solids rather than a fluid. 
Hydrodynamic interactions with a complex biological environment affect swimming speed 
of the organisms depending on the lengthscale of the swimmer and microstructure of the 
fluid. When the lengthscale of a synthetic media is much smaller than the organism, one 
may use continuum models with a constitutive law describing non-Newtonian behavior for 
the fluid [20]–[27]. On the other hand, when the lengthscale of the organism and 
microstructural heterogeneity are comparable, the fluid cannot be considered as a 
homogeneous media and hydrodynamic interactions with the microstructures become more 
important, changing the swimming speed of the swimmer. In Chapter 5, we use a simple 
three-sphere swimmer directly interacting with spherical and filamentous objects 
immersed in the fluid to measure the swimming speed fluctuations due to such interactions 
in comparison to the unbounded swimming velocity. 
 Other kinds of interactions occur when the organisms want to intentionally directly 
approach other passive or active particles, for instance during feeding and mating 
processes. For these cases, the organisms and targets are too close to each other and 
hydrodynamic interactions become more important, which hinder the approach and 
manipulation processes of the microorganisms and target particles. When two surfaces are 
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very close to each other, numerical solutions become difficult to use and it is appropriate 
to obtain exact solutions to accurately study hydrodynamic interactions. In Chapter 6, we 
considered a spherical swimmer and targets and find exact solutions for hydrodynamic 
interactions and study the approach of different swimmer:target size ratios. 
  
1.1 Organization of the dissertation 
 In Chapter 2, we examine the proper choice of numerical method for obtaining 
accurate results for two physical scenarios: a swimmer with a head or a pump in Stokes 
flow. We compare the accuracy of resistive force theory, slender body theory, and a 
centerline distribution of regularized Stokeslets for a range of helical filament to establish 
guidelines for the choice of numerical method. This paper was published as D. Martindale, 
M. Jabbarzadeh, and H. C. Fu, “Choice of computational method for swimming and 
pumping with nonslender helical filaments at low Reynolds number,” Phys. Fluids, vol. 
28, no. 2, p. 21901, 2016. 
 In Chapter 3, we examine the swimming ability of the helical-body-shaped H. 
pylori bacteria and compare swimming velocities to the rod-shaped bacteria. We use the 
method of regularized Stokeslets to model helical- and rod-shaped bacteria and directly 
compare swimming velocities and trajectories to the experimental observations. We find 
that the helical shape makes at most a 15-percentage contribution to propulsive thrust 
compared to the rod shape. This paper was published as M. A. Constantino, M. 
Jabbarzadeh, H. C. Fu, and R. Bansil, “Helical and rod-shaped bacteria swim in helical 
trajectories with little additional propulsion from helical shape,” Sci. Adv., vol. 2, no. 11, 
pp. e1601661–e1601661, 2016. 
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 In Chapter 4, we study effects of the hook's flexibility on the bacteria's swimming 
speed and trajectory for wide range hook stiffnesses and flagellum configurations. We 
develop an efficient simplified spring model for the hook by linearizing the Kirchhoff rod. 
We investigate flagellar and swimming dynamics for a range of hook flexibilities and 
flagellar orientations relative to the cell body and compare the results to models without 
hook flexibility. We find that as the hook stiffness decreases, steady-state orbits of the 
flagellum first become unstable before the hook buckles, which may suggest a new 
mechanism of flick initiation in run-reverse-flick motility. This paper was published as M. 
Jabbarzadeh and H. C. Fu, “Dynamic instability in the hook-flagellum system that triggers 
bacterial flicks,” Phys. Rev. E, vol. 97, no. 1, p. 12402, 2018. 
 In Chapter 5, we study hydrodynamic interactions of a swimmer and obstacles in 
the viscous flow. We consider a simple three-bead swimmer to calculate swimming 
velocity fluctuations near spherical and filamentous obstacles. We show that 
hydrodynamic interactions of the swimmer with the heterogeneities lead to fluctuations in 
swimming velocities that depend on correlations in density and orientation of filamentous 
networks in the media. This paper was published as M. Jabbarzadeh, Y. Hyon, and H. C. 
Fu, “Swimming fluctuations of micro-organisms due to heterogeneous microstructure,” 
Phys. Rev. E, vol. 90, no. 4, p. 43021, 2014. 
 In Chapter 6, we study the approach and interactions of the microorganism with 
target particles in viscous flow. We assume a spherical swimmer with localized and 
distributed propulsion approach to a spherical target particle along their centerline. We 
investigate the feasibility of approach for different swimmer:target size ratio. We show that 
the feasibility of the approach depends on the type of swimmer and swimmer:target ratio. 
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This chapter is in preparation for submission to a journal. 
 
1.2 Swimming at low Reynolds number 
 To study swimming behavior of an organism, it is necessary to find the velocity (𝒖) 
and pressure (𝑝) distribution around the swimmer. For an incompressible Newtonian fluid 
with density 𝜌 and dynamic viscosity $\mu$, the flow satisfies the Navier-Stokes equations 




+ 𝒖 ⋅ 𝛁) 𝒖 = −𝛁𝑝 + 𝜇𝛁2𝒖,      𝛁 ⋅ 𝒖 = 0. (1.1) 
with appropriate boundary conditions for the organism, which could be either as 
deformable or rigid bodies. 
 The Reynolds number is a dimensionless quantity that represents the ratio of the 
typical inertial force ∼ 𝜌(𝒖 ⋅ 𝛁𝒖)$, to the viscous force ∼ 𝜇𝛁2𝒖 in the Navier-Stokes 
equation 1.1. Thus, for an organism with characteristic length 𝐿 swimming with typical 
velocity 𝑈, the Reynolds number is 𝑅𝑒 = 𝜌 𝐿 𝑈/𝜇. Microorganisms swim at low Reynolds 
number, which viscous forces dominate in the flow. For example, considering motion in 
water with density about 1000[𝑘𝑔/𝑚3] and viscosity of 0.001[𝑃𝑎 𝑠], the bacterium E. coli 
with 𝑈 ≈ 10 𝜇 𝑚/𝑠 and 𝐿 ≈ 1 − 10𝜇 𝑚, the Reynolds number is 𝑅𝑒 ≈  10−5 − 10−4 [3] 
Marine bacteria Vibrio alginolyticus with 𝑈 ≈  50 𝜇 𝑚/𝑠 and 𝐿 ≈  5 𝜇 𝑚 have a Reynolds 
number 𝑅𝑒 ≈  10−4$ [28]. For larger ciliated swimmers such as Paramecium with 𝑈 ≈
1𝑚𝑚/𝑠 and 𝐿 ≈  1𝑚𝑚, the Reynolds number is 𝑅𝑒 ≈  0.1 [29]. All these examples show 
that Reynolds number for microswimmers is very small (𝑅𝑒 ≪ 1) and it is appropriate to 
work at zero Reynolds number limit ( 𝑅𝑒 = 0 ) to study fluid mechanics of the 
microorganisms, for which the Navier-Stokes (equations 1.1) simplify to the Stokes 
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equations 
−𝛁𝑝 + 𝜇𝛁2𝒖 = 0,      𝛁 ⋅ 𝒖 = 0. (1.2) 
 The Stokes equation is linear and has a time reversal property that leads to an 
important consequence for locomotion called the Scallop theorem. The Scallop theorem 
states that for an organism swimming in Stokes flow, the net swimming velocity (or net 
displacement) is zero if an organism executes a cycle of configuration that is 
indistinguishable from its time-reversed cycle. The reasoning here is that a swimmer moves 
forward with velocity 𝑈 in half of the cycle and moves backward with velocity −𝑈 on the 
other half because the two motions are indistinguishable (changing 𝑡 → −𝑡 , 𝑈 → −𝑈 also 
satisfies the Stokes equation [30] and would result in back-and-forth motion along a line, 
with no net locomotion). Microorganisms break time reversal symmetry by many methods. 
Flagellated swimmers propagate waves from the cell body to the tail by rotation of a helical 
flagellum. Ciliated micro-swimmers execute a forward and return pattern of stroke that is 
not time symmetric. 
 Finally working in the zero limit of Reynolds number, the effect of the inertia is 
zero and Newton's law becomes a simple statement balancing instantaneous external and 
fluid forces and torques, 
𝑭(𝑡)𝑒𝑥𝑡 + 𝑭(𝑡) = 𝟎,      𝑵(𝑡)𝑒𝑥𝑡 + 𝑵(𝑡) = 𝟎. (1.3) 
 Most organisms have comparable density to the fluid and are considered as 
neutrally buoyant swimmers. Therefore, in the absence of any other external force 
(𝑭(𝑡)𝑒𝑥𝑡 = 𝟎) and torques (𝑵(𝑡)𝑒𝑥𝑡 = 𝟎), the swimming cell is force- and torque-free. This 
condition requires that subparts of a swimmer should exert force and torque on each other 
to balance force- and torque-free conditions on the whole swimmer. For instance, for a 
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flagellated swimmer, the drag force and torque on the cell body balance force and torque 
from the rotating flagellum and cause counter-rotation of the cell body with respect to the 
flagellar filament. Also, net force balance (equation 1.3) holds for each subpart, where 
external force includes forces exerted by the rest of swimmer on that subpart. 
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 Microorganisms must approach other suspended organisms or particles in order to 
interact with them during a host of life processes including feeding and mating. These 
interactions happen at low Reynolds number where viscosity dominates and strongly 
affects the hydrodynamics of the swimmer and nearby cells and objects. Viscous 
hydrodynamics makes it difficult for two surfaces to approach closely at low Reynolds 
number. Nonetheless, it is observed that microorganisms in fluid are still able to approach 
closely enough to interact with each other or suspended particles. Here, we study how the 
physical constraints provided by viscous hydrodynamics affect the feasibility of direct 
approach of flagellated and ciliated microorganisms to targets of different sizes. We find 
that it is feasible for singly flagellated swimmers to approach targets that are the same size 
or bigger. On the other hand, for squirmers, pullers can approach any size of targets by 
generating a current toward the swimmer, but pushers generate a current away from the 
                                                        
* The following sections have been submitted to be published in Journal of Fluid Mechanics as a 
paper. As such, it is to be treated as a stand-alone paper with its own references, sections, and 
equations. Coauthors of this paper are Mehdi Jabbarzadeh and Henry C. Fu. 
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 Microorganisms live in viscous environments in which they interact with other 
organisms for genetic exchange, mating, and colonization, as well as interact with other 
nearby passive and active particles that are prey or nutrient sources [1]. These interactions 
are crucial for enhancing populations, establishing a community during colonization, 
biofilm formation, and microbe-host interactions [2]. Many of these interactions require 
inducing near-contact between the microorganism and target (either another 
microorganism or a particle) in a viscous flow, and can involve a wide range of swimmer 
and target particle sizes. For example, during feeding, the size of prey is generally much 
smaller than the predator [3]–[8]. However, during bacterial conjugation [9], zooplankton 
mating [10], [11], or colonization, an organism approaches another member of the same 
species of similar size. Approach to larger targets also occurs during fertilization of an egg 
by sperm [12] or when bacteria find new habitats by approaching marine snow, small 
biological debris which provides a local nutrient source and habitat in the ocean [13], [14]. 
 The microorganisms we study live at low Reynolds number (10−5 − 10−1) where 
there is a thick boundary layer of fluid that moves together with their moving body or 
appendages. This hydrodynamic boundary layer plays an important role in the 
hydrodynamic interactions of a swimmer and other particles, and makes it difficult to 
closely approach target particles. For example, when a copepod feeds on a particle, the 
movements of its appendages induce hydrodynamic flows that tend to push or pull the 
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particle in concert with the appendage [15], and due to the kinematic reversibility of flows 
at low Reynolds number, it is difficult for the copepod to easily move the particle closer to 
its mouth. 
 Small target particles near a swimming microorganism are often assumed to follow 
streamlines of the flow induced by the swimmer in the absence of other particles.  However, 
understanding approach to similarly- or larger-sized particles, or understanding very close 
approach to particles of any size, requires incorporating the hydrodynamic interactions 
between the microorganism and target. Although microorganisms (including their 
appendages) and targets can have complex shapes, physical insight into their 
hydrodynamic interactions can be gained by considering analytically tractable geometries 
such as approaching spheres. The exact solution for the motion of two spheres translating 
with the same velocity along their common diameter was first developed by [16]. The 
special case of a sphere approaching a solid plane was extensively studied [17], [18] for 
both large separations and close to contact.  Later, [19] analytically calculated the 
interaction of two spherical “squirmer” swimmers, both in the limit of small separation 
using lubrication theory, and in the limit of large separation using a multipole expansion, 
then compared their results with numerical (boundary element method) simulations. 
Potomkin et al. [20] discuss the collision (i.e., physical contact) of microswimmers with 
different boundary conditions in a viscous fluid. They show that with no-slip boundary 
conditions, collisions between two swimmers are impossible in finite collision times, while 
with slip boundaries, collisions can occur within finite times. More recently, Papavassiliou 
and Alexander [21] found an exact solution for the hydrodynamic interactions of two 
squirmers. They also provide exact solution for specific cases when the squirmer sphere is 
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close to a solid or free surface to study hydrodynamic interactions of swimmers in confined 
boundaries. 
 In this paper, we investigate the physical constraints placed by viscous 
hydrodynamics on organisms approaching passive target particles. We first review the 
exact solution for two spheres with no-slip boundaries in a bispherical coordinate system 
described in [16]. As a simple example of hydrodynamic constraints on approach, in 
section 6.3, we modify this solution for the case when the two spheres have different 
velocities and a constant, localized propulsion force towards the other sphere pushes one 
sphere, which is a neutrally buoyant (force-free) target. To show that the physical insights 
from this model also apply to swimmers, in section 6.3.2, we validate a numerical method 
for studying close approach and use it to study a singly-flagellated swimmer with spherical 
cell body approaching a spherical target. For both of these cases with localized propulsion, 
we find that approach is feasible when the target is of similar or larger size than the 
swimmer, but infeasible for smaller size targets. Finally, to study organisms with 
distributed propulsion, in section 6.4, we present an exact solution for a spherical squirmer 
approaching a no-slip target sphere in the bispherical coordinate system. We find that 
swimmers with distributed propulsion mechanisms can generate currents during swimming 
that allow them to approach smaller as well as larger targets, with differences in the currents 






6.3 Approach with localized propulsion 
6.3.1 Analytical model for approaching spheres – localized propulsion 
 We developed an analytical model for the approach of two spheres along their 
centerline in Stokes flow. The spherical swimmer is assumed to be pushed toward a force-
free suspended spherical target particle by a constant force 𝐹  along their common 
centerline (Figure 6.1b). Although swimming microorganisms should be considered force 
free, as we show in section 6.3.2, this simple model has similar qualitative features to a 
force-free swimmer with a single localized propulsion element, with the constant force 
corresponding to the localized thrust on the body provided by the element. Note that the 
“swimming” sphere could also be a model for an appendage or a portion of an organism, 
in which case the constant force would describe the force exerted on it by the rest of the 
organism. Also, note that a number of real organisms do have roughly spherical geometries, 
such as Opalina and Volvox [19]. 
 
 
Figure 6.1. a) Relation between the bispherical coordinate system ( 𝜉, 𝜂, 𝜙 ) and 
cylindrical coordinate system (𝑧, 𝜌, 𝜙). The axisymmetric 𝜙 coordinate is rotation about 
the 𝑧-axis.  b) Spherical swimmer with radius 𝑟𝑠 is pushed by a constant force 𝑭 toward 
a force-free spherical target particle with radius 𝑟𝑡 . The surface-to-surface separation 
distance of the swimmer and particle is 𝑑 and surfaces with constant 𝜉 describe spheres 
in bispherical coordinate system for the swimmer (𝜉 = 𝛼 > 0) and target (𝜉 = 𝛽 < 0). 
 84 
 Our solution is based on finding the Stokes’ stream function in the bispherical 
coordinate system (Figure 6.1a) for an axisymmetric Stokes flow around the spheres. For 
Stokes flow, the flow velocity field can be described as the curl of a vectorial stream 
function 𝝍 that satisfies the biharmonic equation, ∇4 𝝍 = 0. For a flow axisymmetric in 
the angular coordinate 𝜙  (corresponding to rotation angle about the 𝑧  axis), 𝝍  can be 
expressed in terms of a scalar 𝜓, as 𝝍 = 𝜓 𝒆𝜙, and the components of the velocity field in 












. (6.2)  
 For two interacting spheres, it is convenient to use the bispherical coordinate system 
(𝜉, 𝜂, 𝜙) (Figure 6.1a), for which the general solution was given by [16] as 
𝜓 = (cosh 𝜉 − 𝜇)−3/2𝑋, (6.3)  
𝑋 = ∑ 𝑈𝑛(𝜉)𝑉𝑛(𝜇)
∞
𝑛=1
, (6.4)  
𝑈𝑛(𝜉) = 𝐴𝑛 cosh((𝑛 − 1/2)𝜉) + 𝐵𝑛 sinh((𝑛 − 1/2)𝜉)
+ 𝐶𝑛 cosh((𝑛 + 3/2)𝜉) + 𝐷𝑛 sinh((𝑛 + 3/2)𝜉) 
(6.5) 
where 𝜇 = cos 𝜂 and 𝐴𝑛, 𝐵𝑛, 𝐶𝑛 , and 𝐷𝑛  are real constants determined by boundary 
conditions. The notation 𝑉𝑛(𝜇) = 𝑃𝑛−1(𝜇) − 𝑃𝑛+1(𝜇)  is used for combinations of 




+ 𝑛(𝑛 + 1)𝑉𝑛 = 0. (6.6)  
 The relations between the cylindrical coordinates ( 𝜌, 𝑧, 𝜙 ) and bispherical 
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,          𝑧 =
𝑐 sinh 𝜉
cosh(𝜉) − 𝜇
 (6.7)  
where 𝑐 is a real positive constant and surfaces of constant 𝜉 are nonintersecting spheres 
centered at 𝑧 = 𝑐 coth 𝜉 with radius 𝑎 = 𝑐 |csch 𝜉|. We assume that the swimmer with 𝜉 =
𝛼 > 0  and radius 𝑟𝑠  is approaching the target particle with 𝜉 = 𝛽 < 0  and radius 𝑟𝑡  as 
shown in Figure 6.1b. Using the above, consider two spheres centered at 𝑑𝑠  =  𝑐 coth 𝛼 
and 𝑑𝑡  =  𝑐 coth 𝛽  with surfaces defined by (𝑧 − 𝑑𝑠,𝑡)
2
 + 𝜌2  =  𝑟𝑠,𝑡
2  in cylindrical 
coordinates. If the sphere surfaces are separated by 𝑑, then 
𝑟𝑠 = 𝑐 csch 𝛼, (6.8)  
𝑟𝑡 = −𝑐 csch 𝛽, (6.9) 
𝑑 = 𝑐 (coth 𝛼 − coth 𝛽) − (𝑟𝑠 + 𝑟𝑡). (6.10)  
Defining the target:swimmer size ratio by 𝑟 = 𝑟𝑡/𝑟𝑠 and 𝑥 = 1 +  𝑑/𝑟𝑠, equations 6.35 can 
be solved for 𝛼, 𝛽, and 𝑐, 
𝛼 = cosh−1 (
(𝑥 + 𝑟)2 − (𝑟2 − 1)
2(𝑥 + 𝑟)
), (6.11)  
𝛽 = − cosh−1 (|










− 1. (6.13)  
 Stimson and Jeffery studied the translation of two spheres moving along their 
common centerline with the same velocity. Here, we present analogous results for two 
spheres translating along their common diameter (in the 𝑧 -direction) with arbitrary 
velocities 𝑉𝑠 and 𝑉𝑡 for the swimmer and target, respectively. In cylindrical coordinates, 
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the no-slip boundary conditions at the surface of the spheres are 
𝜕𝜓
𝜕𝑧
= 0,        
𝜕𝜓
𝜕𝜌
= −𝜌𝑉𝑠 (6.14)  
on the swimmer, and 
𝜕𝜓
𝜕𝑧
= 0,        
𝜕𝜓
𝜕𝜌
= −𝜌𝑉𝑡 (6.15)  
on the target. These boundary conditions can be rewritten in a bispherical coordinate 










𝜌2𝑉𝑠) = 0 (6.16)  










𝜌2𝑉𝑡) = 0 (6.17)  
on the target. Using these four equations (6.16 and 6.17) for the boundary conditions at the 
surface of the spheres (𝜉 = 𝛼 and 𝜉 = 𝛽) and evaluating the stream function (6.3) at the 
surface of spheres, one can determine the unknown coefficients 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, and 𝐷𝑛. For 
each 𝑛 by solving the system of linear equations 
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1
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= −𝑘𝑉𝑠 [(2𝑛 + 3)𝑒
(𝑛−
1





(2𝑛 − 1) [𝐴𝑛 sinh (𝑛 −
1
2




+ (2𝑛 + 3) [𝐶𝑛 sinh (𝑛 +
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 √2(2𝑛 − 1)(2𝑛 + 1)(2𝑛 + 3)
 (6.22) 
 Forces on the swimmer (𝐹𝑠) and target particle (𝐹𝑡) are determined by integrating 




∑(2𝑛 + 1)(𝐴𝑛 + 𝐵𝑛 + 𝐶𝑛 + 𝐷𝑛)
∞
𝑛=1




∑(2𝑛 + 1)(𝐴𝑛 − 𝐵𝑛 + 𝐶𝑛 − 𝐷𝑛)
∞
𝑛=1
. (6.24)  
where 𝜅 is the viscosity of the fluid. 
 Coefficients 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, and 𝐷𝑛  are linear in the velocities 𝑉𝑠 and 𝑉𝑡  in equations 
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6.18-6.22. Therefore, we can find a 2 × 2 resistance matrix (𝑹) that relates forces on the 
swimmer and target spheres to their velocities, [𝐹𝑠; 𝐹𝑡] = 𝑹[𝑉𝑠; 𝑉𝑡]. Note that for given 
sphere sizes, the resistance matrix 𝑹 depends on the separation of spheres and must be 
recalculated at each time during their approach. We are interested in the approach dynamics 
when the swimmer is pushed by a constant propulsion force (𝐹𝑠  =  −𝐹) towards the target, 
and the target has zero force (𝐹𝑡 = 0). Inverting 𝑹, we use these to solve for the sphere 
velocities at each time step, and integrate to find sphere trajectories assuming an initial 
separation 𝑑0. 
 Coefficients 𝐴𝑛, 𝐵𝑛, 𝐶𝑛 , and 𝐷𝑛  decay exponentially in 𝛼 and 𝛽 and the sums in 
equations 6.23 and 6.24 converge rapidly for large separations.  However, as the separation 
decreases, more terms are required [18] to achieve accurate results. For our numerical 
evaluations, we continue to calculate terms until the last term is less than 10−15 of the sums 
for the forces. 
 The no-collision paradox indicates that it would take infinite time for the swimmer 
to physically contact the target particle in a viscous flow [20]. However, since organisms 
can get close enough to interact, rather than using a criterion of physical contact (𝑑 = 0), 
we arbitratrily choose a cut-off and deem a separation of a hundredth of the swimmer radius 
(𝑑 =  0.01 𝑟𝑠) as “close enough” approach.  Physically, the idea is that at shorter distances 
(e.g., 0.01 𝑟𝑠 ≈ 10 𝑛𝑚  for a bacterium), non-hydrodynamic interactions such as 
electrostatic, van der Waals, or biochemical bonding will become important and take over 
to enable physiological interaction. Typical approach trajectories, separations, and 
velocities are shown in Figures 6.2a,b for the same size of the swimmer and target particle 
(𝑟 = 1). We set the initial separation of the swimmer and target spheres to be 10 times of  
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Figure 6.2. a) Typical trajectory and separation of the swimmer and target particle over 
time for 𝑟𝑠/𝑟𝑡 = 1. b) Velocities of the swimmer and target particle and the rate of change 
of the separation. The particle starts to move with small velocity. At the initial separation 
of 𝑑0 = 10𝑟𝑠, the target moves with small velocity, but when the separation is less than 
about the swimmer size (vertical dashed line), hydrodynamic interactions cause the 
target to move away from the swimmer, so the rate of change of separation decreases. 
 
the swimmer radius for all calculations (𝑑0 = 10𝑟𝑠). For large separations (i.e., at early 
times), the swimmer easily gets closer to the target particle at a rate corresponding to its 
interaction-free swimming speed 𝐹/(6𝜋 𝜇 𝑟𝑠) (given by the Stokes drag formula for a 
isolated sphere), but when the swimmer gets closer to the target, hydrodynamic interactions 
push the target away from the swimmer and the target velocity approaches the swimmer 
velocity as the separation decreases. Accordingly, the rate of decrease of the separation 
distance 𝑑 also decreases. We can delineate a highly interacting regime when the approach 
velocity is less than half the initial value (dotted vertical line in Figure 6.2), which starts to 
occur at a separation distance of approximately the size of the swimmer. 
 To characterize the feasibility of approach, we measure the total distance Δ𝑆 
necessary for the swimmer to travel before approaching within the cutoff separation (𝑑 =
0.01𝑟𝑠). The results are shown in Figure 6.3b for different target:swimmer size ratios. For 
target particles of similar size or larger than the swimmer, the swimmer does not have to 
travel much more than the initial distance 𝑑0  (for 𝑟𝑡/𝑟𝑠 = 10, Δ𝑆 = 1.04 𝑑0  and for 
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𝑟𝑡/𝑟𝑠 = 1, Δ𝑆 = 1.53 𝑑0) since the target does not move much, and approach is feasible. 
On the other hand, for smaller targets, the target is pushed away by a significant amount 
and the swimmer has to travel farther (up to about 8 × the initial separation distance), so 
approach is infeasible. 
 These results suggest that swimmers using localized propulsion can directly 
approach similarly sized objects, which happens when mating or conjugation. In addition, 
such swimmers can approach much bigger particles, which happens when bacteria 
approach marine snow to find new environments, or sperm fertilize an egg. However, they 
may have trouble directly approaching or manipulating particles that are small compared 
to the swimmer size, which happens in feeding processes. If appendages are used to 
approach a target, those appendages should be of similar size or smaller than the target. 
 
6.3.2 Numerical model for flagellated microswimmers – localized propulsion 
 The results of the previous section suggest how hydrodynamic interactions may 
place constraints on the ability of microorganisms to closely approach other particles. 
However, unlike real microswimmers, the swimmer model we used was not force- and 
torque-free.  In this section, we numerically examine the approach of a singly-flagellated 
force- and torque-free microswimmer toward a suspended target particle to confirm that 
the physical conclusions from the simple model remain valid. 
 We model hydrodynamic contributions of the spherical cell body and target particle 
by the boundary element method (BEM) [22], [23], and model hydrodynamic contributions 
of the slender flagellum by slender body theory (SBT) [24]. We assume a rigid helical 
flagellar filament with filament radius 𝑎𝑓, helical radius 𝑅𝑓, and helical pitch 𝑃𝑓 (numerical 
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values in Table 6.1), oriented in 𝑧-direction. The centerline of the flagellar filament is a 
helix with a taper such that it smoothly attaches to the hook [23], [25] given by 
𝒓𝒄(𝑠) = 𝑅𝑓 (1 − 𝑒
−(2𝜋𝑠/𝑃𝑓)
2
) [cos(2𝜋𝑠/𝑃𝑓) ?̂? + sin(2𝜋𝑠/𝑃𝑓) ?̂?] + 𝑠?̂? (6.25)  
 The Stokes flow field external to the surface of the cell body, target particle, and 
flagellar filament is expressed in integral form by 
𝒖(𝒙) = ∑ ∫ 𝑺(𝒙 − 𝒙′) ⋅ 𝒒(𝒙′) 𝑑𝐴𝑚(𝒙
′)
𝐴𝑚𝑚={𝑐,𝑡}
− ∑ ∫ 𝑯(𝒙 − 𝒙′) ⋅ 𝒖(𝒙′) 𝑑𝐴𝑚(𝒙
′)
𝐴𝑚𝑚={𝑐,𝑡}
+ ∫ [𝑺(𝒙 − 𝒙′)𝒇𝑓 − 𝑎𝑓





Indices 𝑐, 𝑡,  and 𝑓  stand for the cell body, target sphere, and flagellar filament, 
respectively. The first two terms on the RHS of equation 6.26 are BEM contributions to 
the velocity from the surfaces of the cell body 𝐴𝑐) and target (𝐴𝑡) spheres, where 𝒖 and 𝒒$ 














(𝒙 − 𝒙′) ⋅ 𝒏 is its associated traction field for a surface with unit outward 
normal 𝒏. 𝑰 is the identity matrix. The last term on the RHS of equation 6.26 is the SBT 
contribution to the flow coming from the centerline of the flagellar filament 𝐶𝑓  with 
filament radius 𝑎𝑓, where 𝑫 is the Stokeslet dipole, 𝒇𝑓 is the force distribution on 𝐶𝑓, and 
(𝑰 − 𝒕𝒕) ⋅ 𝒇𝑓is the component of the force perpendicular to the tangent of the centerline 𝒕. 
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Table 6.1. Dimensions of the flagellar lament used for numerical simulations [30] 
Flagellar 
𝑃𝑓(𝜇𝑚) 






1.58 0.035 0.14 2.97 
 
 The total forces 𝑭𝑚 and torques 𝑻𝑚 on the cell body and target sphere (𝑚 = {𝑐, 𝑡}), 
and the total force 𝑭𝑓 and torque 𝑻𝑓 on the flagellar filament, are 
𝑭𝑚 = ∫ 𝒒(𝒙) 𝑑𝐴𝑚,
𝐴𝑚
    𝑻𝑚 = ∫ (𝒙 − 𝒙𝑚) × 𝒒(𝒙) 𝑑𝐴𝑚,
𝐴𝑚
   𝑚 ∈ (𝑐, 𝑡) (6.27)  
𝑭𝑓 = ∫ 𝒇𝑓(𝒙) 𝑑𝑥
′,
𝐶𝑓
              𝑻𝑓 = ∫ (𝒙 − 𝒙𝑐) × 𝒇𝑓(𝒙) 𝑑𝑥
′,
𝐶𝑓
. (6.28)  
The boundary conditions are given by 
𝒖(𝒙) = 𝑽𝑚 + 𝛀𝑚 × (𝒙 − 𝒙𝑚),                ∀𝒙 ∈ 𝐴𝑚, 𝑚 ∈ (𝑐, 𝑡) (6.29)  
𝒖(𝒙) = 𝑽𝑐 + (𝛀𝑐 + 𝝎𝑓) × (𝒙 − 𝒙𝑐),     ∀𝒙 ∈ 𝐶𝑓 .                    (6.30)  
where 𝑽𝑚 and 𝛀𝑚 are the translational and rotational velocities of the cell body or target 
sphere identified by index 𝑚 , 𝝎𝑓  is the relative rotational velocities of the flagellar 
filament with respect to the cell body, and 𝒙𝑚 are the centers of the cell body or target 
sphere. 
 To evaluate the first two terms of the RHS of 6.3.15, we discretize the surface of 
the cell body and target sphere into 𝑀𝑐  and𝑀𝑡 , respectively, distinct triangular surface 
elements. Assuming a constant traction 𝒒 or velocity 𝒖 on each element, the integrals in 
6.315 are numerically evaluated using 27 Gaussian quadrature points [26] for nonsingular 
elements. We use an analytical approach to remove the singularity in the integrand of 
6.3.15 when points 𝒙 and 𝒙′ are on the same triangular element [27]. To evaluate the last 
term in equation 6.26, we discretize the slender flagellar filament into 𝑀𝑓 straight rods of 
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length 𝛿𝑠 and assume constant force 𝒇𝑓  over each segment [24]. For one segment, the 
result of the integral can be evaluated analytically (see equation 13 of [24]). 
We evaluate equation 6.26 at collocation points at the centroid of areal elements or 
segments, so that there are a total of 𝑀𝑐 + 𝑀𝑡 + 𝑀𝑓  collocation points. The result is a 
3(𝑀𝑐 + 𝑀𝑡 + 𝑀𝑓) system of linear algebraic equations written in matrix form as 
[
𝑰𝒄𝒄 + 𝑯𝒄𝒄 𝟎𝒄𝒇 𝑯𝒄𝒕
𝑯𝒇𝒄 𝑰𝒇𝒇 𝑯𝒇𝒕














where 𝑰, 𝟎 are identity and zero matrices. Here we use a compact notation such that (for 
example) 𝒖𝑐 and 𝒇𝑐 are 3𝑀𝑐-vectors containing all 3 components of the velocity or force 
at each of the 𝑀𝑐 collocation points on the cell body. The matrices 𝑺𝒎𝒏 (𝑚 = {𝑐, 𝑡, 𝑓}, 𝑛 =
{𝑡, 𝑐}) are each a 𝑀𝑚 × 𝑀𝑛  block matrix of 3 × 3  submatrices where each submatrix
comes from the evaluation of the integral (1/𝐴) ∫ 𝑺(𝒙 − 𝒙′) 𝑑𝐴(𝒙′)
𝐴
 contributing to the
velocity at a collocation point on sphere or filament 𝑚 due to an element on sphere or 
filament 𝑛 with area 𝐴. The matrices 𝑯𝒎𝒏 (𝑚 = {𝑡, 𝑐, 𝑓}, 𝑛 = {𝑡, 𝑐}) are each a 𝑀𝑚 × 𝑀𝑛
block matrix of 3 × 3 submatrices, where each submatrix comes from the evaluation of the 
integral (1/𝐴) ∫ 𝑯(𝒙 − 𝒙′) 𝑑𝐴(𝒙′)
𝐴
 contributing to the velocity at a collocation point on
sphere or filament 𝑚 due to an element on sphere 𝑛 with area 𝐴. The matrices 𝑲𝒎𝒇 (𝑚 = 
{𝑡, 𝑐, 𝑓}} are each a 𝑀𝑚 ×  𝑀𝑓 block matrix of 3 × 3 submatrices, where each submatrix
comes from the evaluation of the integral (1/𝛿𝑠) ∫ 𝑺(𝒙 − 𝒙′) − 𝑎𝑓
2𝑫(𝒙 − 𝒙′)(𝑰 −
𝛿𝑠
𝒕𝒕) 𝑑𝐴(𝒙′) contributing to the velocity at a collocation point on sphere or filament 𝑚 due
to a segment of the filament 𝑛 with length 𝛿𝑠. 
We consider a force-free swimmer with prescribed relative rotation rate for the 
 94 
flagellum ( 𝝎𝑓  ) approaching a force-free target sphere. Thus, the force and torque 
conditions of the swimmer and target particle are 
𝑭𝑐 + 𝑭𝑓 = 𝟎,       𝑻𝑐 + 𝑻𝑓 = 𝟎,      𝑭𝑡 = 𝟎,      𝑻𝑡 = 𝟎. (6.32)  
The velocity boundary conditions 6.3.17 and force conditions 6.319 can also be written in 












𝝎𝑓 × (𝒙 − 𝒙𝒄)
𝟎










}                                  . (6.34)  
where 𝑳  is a 6 ×  3(𝑀𝑐 + 𝑀𝑓 + 𝑀𝑡)  matrix as described in [28] which allows us to 
represent the velocity at the collocation points on the surfaces in terms of the translational 
and rotational velocities. In the last term, 𝝎𝑓 × (𝒙 − 𝒙𝒄)  is the prescribed rotation of 
collocation points on the flagellum. 
 The force and torque conditions (6.3.19) give 12 equations to be solved for 12 
unknown components of the translational and rotational velocities 𝑽𝑐, 𝛀𝑐, 𝑽𝑡, 𝛀𝑡  in 
equations 6.34. To allow direct comparison with the analytical model, at each time step the 
prescribed rotation rate is adjusted so that the magnitude of 𝑭𝑓 is equal to the propulsion 
force 𝐹 in 6.3. Integrating these velocities using a fourth-order Runge-Kutta method yields 
trajectories of the swimmer and target particle. 
 The accuracy of the SBT depends on the slenderness parameter and total number 
of segments on the flagellar filament as described in [28], [29]. We discretize the flagellar 
filament into 140 segments with slenderness parameter 𝛿𝑠/𝑎𝑓  = 10. In addition, we use 
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adaptive discretization for the surface of the cell body and target particle to accurately 
capture hydrodynamic interactions when spheres are close or the size ratio is small (Figure 
6.3a). For separations 𝑑/𝑟𝑠 > 0.5, the surface of the swimmer and target sphere is divided 
into 284 nearly equal-size triangles. When 
𝑑
𝑟𝑠
≤  0.5, the elements near the contact region 
are refined to smaller triangular elements such that the gap distance is always 5 times 
greater than the smallest element on the surfaces as shown in Figure 6.3a. The maximum 
number of surface elements on each sphere used in this study is 3521 for the minimum 
separation of 𝑑/𝑟𝑠 = 0.01. 
 To validate our numerical method, we compare numerical results for a sphere 
pushed by an external force without a flagellum towards a target sphere with the analytical 
solutions from section 6.31 (Figure 6.3b). We find 1% average errors for the numerics 
relative to the exact solutions. The error is less than 2% for the size ratios bigger than 0.01, 
while it is about 7% for the smallest size ratio of 0.001. 
 We compare the travel distance needed for the swimmer to approach within the 
cutoff distance 𝑑 = 0.01 𝑟𝑠 of the target particle for the single-flagellated swimmer and 
constant force case in Figure 6.3b. The comparison shows that both cases have qualitatively 
the same trend – for small target spheres, a swimmer must move very far to catch the target 
particle, but for similar size or larger targets, the swimmer does not need to move much 
farther than the initial separation distance.  Quantitatively speaking, the difference between 
these two cases is an approximately constant factor of 10-15% in traveled distance for the 
swimmer. Thus, for the purposes of approach, one can model a flagellated swimmer with 
localized propulsion as a body pushed by constant force.  
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Figure 6.3. a) Adaptive discretization of the swimmer cell body and target particle with 
surface triangular elements used for boundary element method (BEM), and discretization 
for the swimmer flagellum used for slender body theory (SBT). b) Total traveled distance 
Δ𝑆 required for the swimmer to approach within 0.01𝑟𝑠 of the target after starting from 
initial separation of 10𝑟𝑠, as a function of target:swimmer size ratios. Analytical solution 
(blue diamonds) for two spheres (as in section 6.3.1) validates numerical results for the 
same situation obtained by BEM (green triangles).  BEM results for the single-flagellated 




6.4. Approach with distributed propulsion 
 The previous results model microorganisms that swim using localized propulsion 
methods, such as a single flagellum, and suggest that approach towards smaller target 
particles such as prey is infeasible.  However, many zooplankton use distributed propulsion 
generated by numerous appendages or cilia, and these organisms have been observed to 
feed by capturing prey using feeding currents. For instance, paramecia use beating cilia to 
capture food particles and transport these particles to their mouths [31]. This suggests that 
the use of distributed flow sources such as cilia provide a way for microorganisms to evade 
the viscous constraint on direct approach seen for localized thrust.  Thus, we next 
investigate the approach towards target particles by microoganisms propelled by cilia, 
which might be viewed as the limit of maximally distributed propulsion. 
 
6.4.1 Analytical model for approaching spheres – distributed propulsion 
 The swimmer and target particle are assumed to be spheres, but to model the ciliated 
microorganisms, we use a squirmer model in which cilia are replaced by a progressive 
waving envelope. The velocity boundary condition on the surface of the sphere can be 
defined by an infinite series of Legendre functions [32], but here we employ simplified 
boundary conditions, used by many researchers (e.g., [19], [33]) that neglect radial 
displacement of the boundary and consider only two modes in the tangential velocity of 
the boundary of the squirmer sphere. In spherical coordinates (when the origin of the 
coordinate system is in the center of the sphere) the tangential velocity at the surface is 
𝒖𝜃 = 𝐵1 sin 𝜃 + 𝐵2 sin(2𝜃) /2. (6.35)  
while 𝑢𝑟 and 𝑢𝜙 are both zero. The parameters 𝐵1 and 𝐵2 determine the properties of the 
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swimmer. The parameter 𝐵1 determines the swimming velocity of the isolated squirmer 
given by 𝑈 = 2𝐵1/3. The second parameter 𝐵2 is associated with the stresslet around the 
swimmer [19], [34]. The squirmer parameter 𝛾 = 𝐵1/𝐵2 determines whether the swimmer 
is a pusher (𝛾 < 0) or puller (𝛾 > 0). The flow field around isolated squirmers are plotted 
in Figure 6.4 for the pusher and puller types. 
 We assume that a spherical squirmer with radius 𝑟𝑠 is approaching a spherical target 
particle with radius 𝑟𝑡 as shown in Figure 6.5. Including translational swimming speed 𝑈 
in the 𝑧-direction, velocity boundary conditions for a symmetric spherical squirmer mode 
in the lab frame are [32], 
𝑢𝑟 = 𝑈 cos 𝜃, (6.36)  
𝑢𝜃 = (−𝑈 + 𝐵1) sin 𝜃 + 𝐵2 sin(2𝜃) /2. (6.37)  
where 𝜃 is the angle between the swimming direction 𝑧 and any point on the surface of the 
sphere in the coordinate system with origin at the squirmer center (Figure 6.5). These 
equations can be expressed in a cylindrical coordinate system, 
𝑢𝑧 = 𝑢𝑟 cos 𝜃 − 𝑢𝜃 sin 𝜃, (6.38)  
𝑢𝜌 = 𝑢𝑟 sin 𝜃 + 𝑢𝜃 cos(𝜃). (6.39)  
where cos 𝜃 = (𝑧 − 𝑑𝑠)/𝑟𝑠, sin 𝜃 = 𝜌/𝑟𝑠, and 𝑑𝑠 is distance of the center of the swimmer 
sphere from the origin of the cylindrical coordinate system. 
 We solve this problem in the bispherical coordinate system using the same stream 
function approach as in section 6.3.1. Now the coefficients 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, and 𝐷𝑛in 6.5 are 
determined by the new boundary conditions described in equations 6.38 and 6.39. The 
boundary condition on the swimmer can be expressed in terms of the Stokes stream 
function in bispherical coordinate using equations 6.36 - 6.39 as: 
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Figure 6.4. The flow field around and streamlines for different types of spherical 
squirmers. a) Pushers (𝛾 < 0) push the flow in the swimming direction during their 
motions. b) Pullers (𝛾 > 0) generate flow toward their body against their swimming 
direction.  The color on the spherical surface shows the tangential velocity component 
𝑢𝜃 (equation 6.35) of the surface boundary condition. 
 
 
Figure 6.5. The force-free spherical swimmer “squirmer model” (right sphere) with 
radius 𝑟𝑠 approaching a force-free spherical target (left sphere) with radius 𝑟𝑡. For the 
target sphere, no-slip boundary conditions are imposed.  For the squirmer sphere, 














 (6.40)  
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Combining equations 6.40, 6.41, and applying the recurrence relations for Legendre 
functions, 
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) 𝑐2(cosh(𝜉) − 𝜇)
1
2. (6.47)  
In a Taylor-Legendre expansion, any piecewise smooth function 𝑓(𝑥) on [−1, 1] can be 
expressed as a series in 𝑃𝑛(𝜉) and 𝑉𝑛(𝜉) 
𝑓(𝑥) = ∑ 𝑎𝑛 𝑃𝑛(𝑥)
∞
𝑛=1
, (6.48)  




∫ 𝑓(𝑥) 𝑃𝑛(𝑥) 𝑑𝑥
1
−1
. (6.49)  
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(2𝑛 − 1)(2𝑛 − 3)
+
𝑎𝑛+1





(2𝑛 + 5)(2𝑛 + 3)
 ] 𝑉𝑛(𝑥), 
(6.53) 
(1 − 𝑥2)𝑃𝑛(𝑥) =
(𝑛 + 1)(𝑛 + 2)
(2𝑛 + 1)(2𝑛 + 3)
𝑉𝑛+1 −
𝑛(𝑛 − 1)
(2𝑛 + 1)(2𝑛 − 1)
𝑉𝑛−1. (6.54) 
We find 𝐸𝑛 and 𝐹𝑛 as, 
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𝐹𝑛(𝜉) = √2𝑐












2)𝜉), (6.55)  
𝐸𝑛(𝜉) = −√2𝑐























































) 𝑈𝑛+1 + (𝑛 −
3
2
) 𝑈𝑛−1 − cosh(𝜉) (2𝑛 + 1)𝑈𝑛 = 𝐹𝑛(𝜉). (6.58)  
 We calculate 𝑈𝑛(𝜉) and 𝑈𝑛
′ (𝜉) from 6.57 and 6.58, and after some simplification, 
can write 
𝑈𝑛 = −𝑘𝑈 [(2𝑛 + 3)𝑒
−(𝑛−
1
2)𝛼 − (2𝑛 − 1)𝑒−(𝑛+
3
2)𝛼] , (6.59) 
𝑈𝑛
′ = 𝑈 𝐻𝑛(𝛼) + 𝐺𝑛(𝛼). (6.60)  
where the expressions 𝐻𝑛(𝛼) and 𝐺𝑛(𝛼) can be found from recurrence relation 6.57 but 
are not illuminating to write down explicity. 
 Therefore, equations 6.20 and 6.21 that determine the coefficients 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, 𝐷𝑛 
are altered, with equation 6.19 and 6.20 replaced by 
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=  𝐻𝑛(𝛼) + 𝐺𝑛(𝛼) 
(6.62) 
while equations 6.20 and 6.21 remain unaltered. Equations 6.61 and 6.62 describe the 
motion of the squirmer with translational swimming speed 𝑈, while equations 6.20 and 
6.21 describe the motion of the target sphere with no-slip boundary conditions on the 
surface translating with velocity 𝑉𝑡. As before, the force (𝐹𝑠) on the swimmer (𝜉 = 𝛼 > 0) 
and force (𝐹𝑡) on the target sphere can be calculated by equations 6.23 and 6.24. 
 Given sphere radii 𝑟𝑠 and 𝑟𝑡 and their separation 𝑑, the quantities 𝑐, 𝛼, and 𝛽 in the 
bispherical coordinate system are obtained using equations 6.8-6.10. Specification of the 
problem is completed by the squirmer mode strengths 𝐵1 and𝐵2. So that we can compare 
results with the scenario in which the swimmer sphere pushed by a constant force 𝐹 
(section 6.3), we choose the mode strengths such that the power of the isolated squirmer 
(𝑃 = 8𝜋 𝜅 𝑟𝑠 𝐵1
2(1 + 𝛾^2/3) [32]) is the same as the power required to push the isolated 
sphere by the constant force (𝑃 = 𝐹2/(6𝜋 𝜅 𝑟𝑠)). Thus for a given squirmer parameter 





. The swimmer and target sphere are both 
assumed to be force free (𝐹𝑠  =  0 and 𝐹𝑡  =  0). 
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 Equations 6.61 and 6.62 are linear in the translational velocities 𝑈 and 𝑉 and 
parameters 𝐵1 and 𝐵2 for the swimmer and target sphere. Therefore, we can relate the 




] = 𝑹 [
𝑈
𝑉𝑡
] + 𝑩 [
𝐵1
𝐵2
]. (6.63)  
where 𝑹 and 𝑩 are 2 × 2 matrices that depend on the separation 𝑑 between spheres (in 
addition to the sphere sizes). For given mode strengths 𝐵1 and 𝐵2, we solve equation 6.63 
under the force-free conditions to obtain the translational velocities 𝑈 and 𝑉𝑡, then integrate 
them to find the trajectories of the spheres starting from an initial separation 𝑑0. 
 In Figure 6.6, we plot the total distance (Δ𝑆) that the swimmer needs to travel before 
approach to within 0.01𝑟𝑠 of the target particle starting from an initial separation of 10𝑟𝑠. 
For comparison, we include the results for the swimmer sphere pushed by constant force 
from Figure 6.3b. The results show that for pullers (𝛾 > 0), the swimmer must travel at 
most 1.18 (for 𝑟𝑡/𝑟𝑠  = 0.001, 𝛾 = 0) times the initial separation, and often less than the 
initial separation for larger 𝛾. Therefore, approach by pullers to target particles is feasible 
no matter the target size.  Pushers with −0.5 ≤ 𝛾 < 0 show similar behavior. However, 
pushers with 𝛾 ≤ −1 must travel more than three times the initial separation distance, with 
stronger pushers traveling larger distances to approach the target closely. Therefore, in the 
context of approach, the behavior of pusher-type squirmers depends on the strength of the 
squirmer parameter. Weak pushers (0 > 𝛾 > −1) can approach any size target particles, 
while stronger pusher-type squirmers (𝛾 < −1) can have difficulty approaching smaller 
target particles. In fact, as shown in Figure 6.6b, for strong enough pushers, (𝛾 < −2), the 
minimum approach distance 𝑑𝑚𝑖𝑛  remains larger than the cutoff 𝑑 = 0.01 𝑟𝑠  even for 
targets that are larger than the swimmer; hence approach is infeasible for strong pushers. 
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Figure 6.6. Approach to a target by a squirmer with distributed propulsions. Total 
traveled distance Δ𝑆 required for the squirmer to approach within 0.01𝑟𝑠 of the target 
after starting from initial separation 𝑑0  =  10𝑟𝑠, as a function of target:swimmer size 
ratio 𝑟𝑡/𝑟𝑠. For comparison, results for the flagellated swimmer are plotted as dark blue 
diamonds. a) Pusher-type squirmers (𝛾 < 0) can approach smaller target particles only 
when if the currents that move away from the swimmer (Figure 6.7a) are weak (𝛾 >
−1). Puller-type squirmers (𝛾 > 0) can feasibly approach any size targets due to currents 
that move toward the swimmer (Figure 6.7b).   b) Minimum separation 𝑑𝑚𝑖𝑛 between 
the pusher-type squirmer and target. For strong pushers (𝛾 < −1), the squirmer cannot 
approach even large targets with 𝑟𝑡/𝑟𝑠 > 1. 
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 These results for squirmers can be understood in terms of the flow fields generated 
while swimming. Pullers generate currents that advect particles in front of the swimmer 
inwards similar to feeding currents. A typical flow field around a puller and target particle 
is shown in Figure 6.7b. The strength of these currents is controlled by the squirmer 
parameter (𝛾) and total traveled distances are smaller for the strong currents produced by 
larger values of 𝛾.  On the other hand, pushers tend to generate currents that advect particles 
in front of the swimmer away from the swimmer, hindering approach. A typical flow field 
for a pusher with 𝛾 = −1 and a target particle is shown in Figure 6.7a. Whether or not the 
current overcomes the swimming translation of the squirmer depends on the magnitude of 
the (negative) squirmer parameter 𝛾. 
 
 
Figure 6.7. Typical flow fields around a squirmer interacting with a target sphere. a) A 
pusher (𝛾 < 0) generates a current that move the target away from the swimmer, 
hindering the approach process, while b) a puller generates a current that moves the 
target toward the swimmer, helping the approach process. The strength of the current for 







 We have studied the approach of spheres to understand the viscous constraints on 
the approach of microorganisms to target particles. The swimmer starts at a separation of 
10 swimmer radii (d0 = 10rs) from the target. As a metric, we calculated the total distance 
traveled by the swimmer until it approaches within a hundredth of the swimmer radius of 
the target (d = 0.01rs). We use this finite cutoff since due to the no-collision paradox, in 
many situations, actual physical contact would require infinite time, and we expect that at 
small distances, non-continuum-hydrodynamic physics would take over to allow 
interaction between swimmer and target.  
 First, we modified the exact solution for two spheres with no-slip boundary 
conditions in bispherical coordinates obtained by [16] to investigate a “swimmer” sphere 
pushed by constant force towards a target sphere. We found that hydrodynamic constraints 
prevent the approach of swimmers to smaller target particles, but allow approach to similar- 
and larger-sized targets. Qualitatively similar results were obtained for a more realistic 
numerical model of a force-free spherical cell pushed by a rotating flagellum. The 
similarity between these results arises from the fact that in both cases, the propulsion is 
localized.  
 These hydrodynamic constraints on approach can be evaded by microorganisms 
using distributed modes of propulsion. To demonstrate this, we investigated the maximally 
distributed propulsion of squirmer-type swimmers. For a spherical squirmer approaching a 
spherical target, analytic results for approach can be obtained using bispherical coordinates. 
The results show that for these models, the feasibility of approach depends on the squirmer 
parameter, which determines the type and strength of the squirmer. We find that puller-
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type squirmers generate feeding currents that pull particles towards the swimmer, and make 
approach to any size target particle feasible.  On the other hand, strong-enough pusher-type 
squirmers can only approach similar- or larger-sized targets. 
 Our results are broadly consistent with biological observations. Feasibility of the 
direct approach for bigger or similar sizes of the target particles even for localized 
propulsion is demonstrated by bacterial conjugation, mating, and fertilization of an egg by 
sperm. On the other hand, direct approach to smaller prey particles by localized propulsion 
is difficult, and in these cases, microorganisms use other strategies to capturing small food 
particles. Our squirmer results indicate the importance of feeding currents for prey capture, 
and point out that feeding currents can be generated by propulsive strokes as well as via 
non-locomotory behavior. In addition to feeding currents, our results also shed light on the 
use of appendages or filters to manipulate or capture smaller target particles [8]. An 
appendage or filtration element could be viewed as an object pushed by an external force 
(exerted by the rest of the organism) towards a target; thus manipulation or filtration can 
be successful only if the appendage or filtration element is similar in size or smaller than 
the target particles. 
 Our models were limited to relatively simple spherical geometries and head-on 
approach. Future work could address issues arising from relaxing these conditions. Even 
though some organisms are quite close to spherical ciliated organisms [19], there are a wide 
variety of organisms with nonspherical ciliated geometries. For instance, Opalina and 
Paramecium are more likely to be ellipsoidal than spheres [1] and employing an ellipsoidal 
squirmer model can describe their behavior more appropriately [35]. Distributed 
propulsion is not isolated to ciliates. Organisms such as copepods can use multiple 
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appendages to generate propulsion as well as currents to pull and manipulate small particles 
[36]. Numerical analyses similar to ours could be suitable for studying approach and 
interactions with more complicated geometries or from different directions, including 
rotational motions [37]. Finally, understanding the hydrodynamics of near-contact 
interactions with swimmers is important for understanding the enhanced diffusion of 
particles in suspensions of active swimmers [38], which can depend on close approach. 
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SUMMARY AND CONCLUSIONS  
 
 The motion of bacteria and hydrodynamic interaction with microstructures in the 
fluid and other passive particles at low Reynolds number were discussed in this 
dissertation. The main results of this research and recommendations for future work are 
provided hereafter. 
 In Chapter 2, we reviewed different numerical approaches that were used to model 
the flagellated swimmers and pumping in Stokes flow. We created a benchmark model 
using a surface distributed regularized Stokeslets for the swimming and pumping flows. 
By comparison to the benchmark results, we calculated total errors corresponding to the 
other numerical methods (resistive force theory, slender body theory, and centerline 
distribution of regularized Stokeslets) for a wide range of flagellum helices. We also 
optimized the centerline distribution of Stokeslets and slender body theory by tuning the 
relevant parameters compared to the benchmark results. We concluded with providing a 
tabular guideline with errors and optimum relevant parameters for the centerline 
distribution of Stokeslets and slender body theory for selection of computational method 
for a wide and possible range of helices of the real and artificial swimmers. 
 In Chapter 3, we studied the effect of helical cell bodies on the swimming speed 
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and trajectory by direct comparison of the numerics to the observations. To validate our 
model, we compared our numerical model to the experiments from high-frame-rate digital 
tracking and image analysis for the helical (H. pylori) and its straight rod-shaped mutants 
swimming in mucin and broth solutions. Then, we used our models to explore the 
propulsive thrusts from the cell body and flagellum, respectively. Comparing helical body 
shapes to the rod-shaped geometries of the cell body, we calculated additive portion of the 
thrust due to the helicity of the cell body and found <15% extra propulsive thrust and <15% 
change in swimming speeds due to slower rotation rates of the cell body compared to the 
flagellum rotation rate. 
 Our calculations show that helical cell bodies add little additional propulsive thrust 
to increase the swimming velocity of the bacteria. These helical shapes can be considered 
as an upper bound for the propulsive thrust generated by the cell bodies. While 
microorganisms can be found in many different shapes of the cell body, the propulsion 
generated by the cell bodies is less than helical shapes for comparable geometries. These 
small changes in swimming velocity may affect chemotactability of bacteria ([1], [2]), 
which is not considered here and could be done in future work.  
 In Chapter 4, we showed that single-flagellated bacterial flicks are initiated by a 
dynamic instability during run-reverse-flick motility. It was believed that the static Euler 
buckling of the hook causes flicks in reorienting bacteria during its forward run. Our 
calculations show that the dynamic instabilities in the hook/flagellum system initiate the 
flicks and then the flexibility of the flagellar filament plays an important role in 
reorientation of the swimmer. We developed an efficient linear model for the hook that 
allows us to study a wide range of cell body geometries and hook stiffness of the dynamics 
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of a single-flagellated swimmer. Then we added the flexibility of the flagellum and found 
significant deformations of the flagellar filament. 
 Considering the full hydrodynamic interactions of the cell body with a flexible hook 
and flagellar filament is computationally expensive and we ignored interactions between 
the cell body and flexible flagellar filament. However, it is necessary for some cases to 
consider hydrodynamics interactions and flagellum flexibility that could be a direction for 
future work. With our new flexible model of the flagellum, we are able to study these kinds 
of interesting dynamics that can be considered in future researches. The flexibility of the 
flagellar filament can decrease effective viscosity to overcome local forces between 
molecules [3]–[5]. In addition, it can help bacteria to escape from trapping near objects and 
solid walls or some bacteria wraps and rotates the flagellum around its cell body and still 
is able to generate propulsive thrust to escape from trapping in narrow spacing [3], [6], [7].     
 In Chapter 5, we directly investigated the hydrodynamic interactions of a simple 
swimmer with microstructure in a complex biological fluid. This microstructure was 
assumed to have spherical or filamentous shapes with comparable size of the swimmer in 
different positions with respect to the swimmer. We calculated change in swimming 
fluctuations due to these different shapes and locations. We also considered contributions 
of random distributed spherical obstacles and networks of filamentous obstacles around the 
swimmer in changing the swimming speed compared to an unbounded fluid domain. We 
showed that the change in swimming velocity is closely related to the shape and location 
of a single obstacle and depends on the correlations in density and orientation of the 
network of obstacles. 
 We only treated long-range hydrodynamic interactions and prevented close 
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interactions and contact of the swimmer with obstacles during swimming. In most cases, 
the swimmer would closely interact with randomly oriented microstructure heterogeneities 
and it would be useful to investigate these interactions for more realistic swimmers as 
future work. For very close surfaces in microscale, other types of physicochemical 
interactions that are possible including Van der Waals, electrostatic, and chemical forces 
might be necessary to be considered in bacterial close interactions. 
 Many biological networks are flexible and can deform due to hydrodynamic forces 
and interactions with microorganisms. These elastic deformations may alter velocity 
fluctuations of the swimmer, which is not considered here and can be considered in future 
directions. In addition, we assumed uniform distribution of microstructures, which 
suggests microscopically isotropic medias, but recent experiments show many complex 
biological environments are anisotropic [8] and it would be interesting to study velocity 
fluctuations in an anisotropic medium.  
 In Chapter 6, we presented the approach of organisms with passive suspended 
particles in viscous fluid. We provide exact solutions assuming spherical shapes for the 
swimmer are driven by a constant force and the force-free target particle. Results from this 
model suggests that the approach for similar or bigger targets particle (compared to the 
swimmer size) can feasibly happen in mating or colonizing in real organisms’ life. Then, 
we developed a numerical method for the approach of flagellated swimmers and see 
qualitatively similar results with the constant force driven case, such that approach is 
infeasible to smaller target particles. 
 Finally, we obtained exact solution for a force-free spherical squirmer approaching 
a force-free target sphere. Exploring the results for pushers and pullers, we found that 
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pullers can approach any size of targets, while for pushers, feasibility of approach depends 
on the current generate by the organism defined by the squirmer parameter. 
 Our exact solutions are designed to analyze the approach of spherical shapes 
translating along their centerline while microorganism are in very different shapes and 
approach each other or passive particles from different sides. Future work could resolve 
limitations in this work and expand it to microorganisms that are more realistic. The 
ellipsoidal squirmer model can describe the behavior of many ciliated microorganisms (i.e., 
Opalina and Paramecium [9], [10]) and analytical solutions could be obtained for the 
ellipsoidal swimmers’ interactions with other spherical or ellipsoidal particles. Distributed 
propulsions are not limited to the ciliated microorganisms. In fact, the squirmer model is 
the limit for maximally distributed propulsion and many copepods use multiple appendages 
for their swimming and to manipulate particles around their cell bodies [11]. Finally, we 
only considered translational swimming velocity because of the geometries and approach 
is symmetric for two spheres translating along their common diameter while the rotations 
of the swimmer and target particles can be important for the side approaches and arbitrary 
shape of the microorganisms. Finding exact solutions is difficult for any arbitrary shapes, 
propulsion systems, and full hydrodynamic interactions, but numerical methods similar to 
ours can be useful for exploring more realistic and complicated geometries of swimmers 
and targets. 
 For this dissertation, I have considered three different aspects of locomotion at low 
Reynolds number, which were the effect of cell bodies on the swimming speed, the 
flexibility in the hook/flagellum system, and hydrodynamic interactions with complex 
environments and other passive particles in the fluid. Also, some future directions were 
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given separately for each chapter, which could be done in the context of that subject. Here, 
I discuss future directions of works that can be done in the context of what I have learned 
through this dissertation.  
 In Chapter 3, we find little additive propulsion coming from helical cell bodies of 
H. pylori, but still the question about “why they have helical cells?” remains unanswered. 
To find scientific explanations for this question, a first step could be investigation of 
motility and diffusion of H. pylori in a complex environment and gel. Swimming dynamics 
of H. pylori is greatly affected by acidic pH swimming in mucin gels [12]. For acidic pH 2 
to 4, it can rotate its flagellar filament without any swimming speed in this range of pH, 
which is comparable to the stomach. To be able to swim, H. pylori needs to release urea 
around itself to neutralize the pH of the mucin to reduce mucin viscoelasticity [13]. More 
recently, Mirbagheri and Fu [14] have used a simple model to describe motility and 
diffusion of H. pylori and they found that it creates a moving pocket of fluid around the 
cell body and its swimming behavior is like in unconfined media. It would be useful to 
couple motility and diffusion equations for the helical cell bodies to study this problem 
more accurately. In addition, it would be interesting to study swimming dynamics of the 
helical cells in confined medias and their hydrodynamic interactions to the heterogeneity 
and immersed obstacles in the fluids like what we did in Chapter 5.  
 Development of artificial microswimmers has been a topic of research in the last 
decade due to the capability for drug delivery, microsurgery, and environmental sensing 
[15]–[20]. A wide variety of artificial microswimmers were designed, fabricated, and 
analyzed with biological inspiration [20]. Most of these micromachines are considered to 
be rigid in analytical and numerical analysis of their swimming dynamics, stability, and 
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controllability under external propulsive thrusts [15], [19]–[21]. However, a few reports 
that considering the flexibility in artificial microswimmers show that the stability and 
swimming dynamics could be different from rigid models [17], [20], [22]. In addition, 
some micromachines were fabricated using flexible flagella or cilia extracted from real 
organisms [18], [20], [23], which need to be considered as flexible parts in analyzing their 
dynamics and behaviors in viscous flow. For future directions, using our results and the 
more accurate numerical approach developed in Chapter 5 to simulate hydrodynamic 
interactions and flexibility of filaments can help us to understand the role of the flexibility 
in stability, controllability, and dynamics of artificial microswimmers.  
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COPMUTER CODE (C++) FOR THE METHOD OF REGULARIZED STOKESLET 
















#define PI 3.14159265358979323846 
 
*  solve A*x = b by LU with partial pivoting 
int linearSolverLU( 
 cusolverDnHandle_t handle, int n, double *A, int lda, double *b, int 
nrhs) 
{ 
 int bufferSize = 0; 
 int *info = NULL; 
 double *buffer = NULL; 
 int *ipiv = NULL; // pivoting sequence 
 int h_info = 0; 
 
checkCudaErrors(cusolverDnDgetrf_bufferSize(handle, n, n, (double*)A, 
lda, &bufferSize)); 
 
 checkCudaErrors(cudaMalloc(&info, sizeof(int))); 
 checkCudaErrors(cudaMalloc(&buffer, sizeof(double)*bufferSize)); 
 checkCudaErrors(cudaMalloc(&ipiv, sizeof(int)*n)); 
 
 checkCudaErrors(cudaMemset(info, 0, sizeof(int))); 
 
checkCudaErrors(cusolverDnDgetrf(handle, n, n, A, lda, buffer, ipiv, 
info)); 
checkCudaErrors(cudaMemcpy(&h_info, info, sizeof(int), 
cudaMemcpyDeviceToHost)); 
 
 if ( 0 != h_info ){fprintf(stderr, "Error: LU factorization failed\n");} 
 checkCudaErrors(cusolverDnDgetrs(handle, CUBLAS_OP_N, n, nrhs, A, 
lda, ipiv, b, n, info)); 
 checkCudaErrors(cudaDeviceSynchronize()); 
 
 if (info  ) { checkCudaErrors(cudaFree(info  )); } 
 if (buffer) { checkCudaErrors(cudaFree(buffer)); } 
 if (A   ) { checkCudaErrors(cudaFree(A)); } 
 if (ipiv  ) { checkCudaErrors(cudaFree(ipiv));} 
 







int main (int argc, char *argv[]) 
{ 
struct testOpts opts; 
cusolverDnHandle_t handle = NULL; 
cusolverStatus_t cusolver_status = CUSOLVER_STATUS_SUCCESS; 
cublasHandle_t cublasHandle = NULL;  
cudaStream_t stream = NULL; 
 
double **cTemp = NULL, **c = NULL, start, stop, time_solve; 
 
int i, j, k, m, n, numStokesletsTail, numStokesletsHead, Ntotal, Ntime, it, 
index=0 lwork = 0, ii,jj,numC; 
double vis = 1e-3, WH = 0, WT = 2*PI*340,stokesletradiushead = 0, 
stokesletradiustail = 0.010053/3,xcm = 0, ycm = 0, zcm = 0, dt = 1.000/340/50, 
Time = 50*dt, Shh, xmn, ymn, zmn, rmn, angle,normO, OMEGA[3], theta, Ld1, Ld2, 
Ld3, Fxh = 0, Fyh = 0, Fzh = 0, Txh = 0, Tyh = 0, Tzh = 0, q0, q1, q2, q3, 
tail1, tail2, tail3, **tailTemp = NULL, **headTemp = NULL,**head = NULL, 
**tail = NULL, *d_work = NULL; 
 
const double eye[3][3] = {{1, 0, 0},{0, 1, 0},{0, 0, 1}}; 
double irx[3][3] = {0, 0, 0, 0, 0, 0, 0, 0, 0}; 
 
const double zero = 0.0, one = 1.0; 
 
char *hname[100] = {"HeadRK1.txt"}, *tname[100] = {"TailLK.txt"}; 






cTemp = (double**)malloc(1000*sizeof(double*)); 
for(i=0; i<1000; i++) 
 cTemp[i] = (double*)malloc(3*sizeof(double)); 
fidc = fopen("DSh.txt","r"); 
j = 0; 
while(fscanf(fidc,"%lf", &cTemp[j][0]) != EOF) 
 ++j;  fclose(fidc); 
numC = j; 
 
double *d_G = NULL, *d_Ld = NULL, *d_IRX = NULL, *d_IRXT = NULL, *d_IRXLd = 
NULL, *d_invGIRX= NULL, *d_invGLd = NULL, *d_MB = NULL, *d_M = NULL, *d_B = 
NULL, *d_Vcm1  = NULL, *GHH = NULL, *GHT = NULL, *GTH = NULL, *GTT = NULL, *G 
= NULL, *Ld = NULL, *IRX = NULL, *IRXT = NULL, *IRXLd = NULL, *invGIRX= NULL, 
*invGLd = NULL, *MB = NULL, *M = NULL, *B = NULL, *Vcm1 = NULL, *BB = NULL, 
*Vcm = NULL; 
 
int *IPIV = NULL, *ipiv = NULL, *devInfo = NULL, info_gpu = 0; 
FILE *fid; 
numStokesletsTail = 10000; numStokesletsHead = 4000; Ntotal = 14000; 
 
printf("Allocating Matrices\n"); 





GHT  = 
(double*)malloc(3*numStokesletsHead*3*numStokesletsTail*sizeof(double)); 
GTH  = 
(double*)malloc(3*numStokesletsTail*3*numStokesletsHead*sizeof(double)); 
GTT  = 
(double*)malloc(3*numStokesletsTail*3*numStokesletsTail*sizeof(double)); 
G    = (double*)malloc(3*Ntotal*3*Ntotal*sizeof(double)); 
IPIV = (int*)malloc(Ntotal*sizeof(int)); 
Ld   = (double*)malloc(3*Ntotal*sizeof(double)); 
IRX  = (double*)malloc(3*Ntotal*6*sizeof(double)); 
IRXT = (double*)malloc(6*3*Ntotal*sizeof(double)); 
IRXLd= (double*)malloc(3*Ntotal*7*sizeof(double)); 
invGIRX= (double*)malloc(3*Ntotal*6*sizeof(double)); 
invGLd = (double*)malloc(3*Ntotal*1*sizeof(double)); 
MB   = (double*)malloc(6*7*sizeof(double)); 
M    = (double*)malloc(6*6*sizeof(double)); 
B    = (double*)malloc(6*1*sizeof(double)); 
Vcm1 = (double*)malloc(7*1*sizeof(double)); 
BB   = (double*)malloc(6*1*sizeof(double)); 
Vcm  = (double*)malloc(6*1*sizeof(double)); 
 
for(ii=0;ii<100;ii++){ 
 stokesletradiushead = 1.000/3.000 * cTemp[ii][0]; 
 HNAME = hname[ii];   TNAME = tname[ii];     OUTP = OP[ii]; 
 
tailTemp = (double**)malloc(10000*sizeof(double*)); 
for(i=0; i<10000; i++) 
 tailTemp[i] = (double*)malloc(3*sizeof(double)); 
 
headTemp = (double**)malloc(10000*sizeof(double*)); 
for(i=0; i<10000; i++) 
 headTemp[i] = (double*)malloc(3*sizeof(double)); 
 
fid = fopen(TNAME,"r"); 
 
j = 0; 
while(fscanf(fid,"%lf,%lf,%lf", &tailTemp[j][0], &tailTemp[j][1], 
&tailTemp[j][2]) != EOF) 
 ++j; 
fclose(fid); 
numStokesletsTail = j; 
 
tail = (double**)malloc(numStokesletsTail*sizeof(double*)); 
tail[0] = (double*)malloc(numStokesletsTail*3*sizeof(double)); 
for(i=1; i<numStokesletsTail; i++) 
  tail[i] = tail[i-1] + (long)3; 
for(i=0; i<numStokesletsTail; i++){ 
tail[i][0] = tailTemp[i][0]; tail[i][1] = tailTemp[i][1]; 
tail[i][2] = tailTemp[i][2]; free(tailTemp[i]);  } 
 
j = 0; 
fid = fopen(HNAME,"r"); 
while(fscanf(fid,"%lf,%lf,%lf", &headTemp[j][0], &headTemp[j][1], 






numStokesletsHead = j; 
 
head = (double**)malloc(numStokesletsHead*sizeof(double*)); 
head[0] = (double*)malloc(numStokesletsHead*3*sizeof(double)); 
for(i=1; i<numStokesletsHead; i++) 
 head[i] = head[i-1] + (long)3; 
 
for(i=0; i<numStokesletsHead; i++){ 
 head[i][0] = headTemp[i][0]; head[i][1] = headTemp[i][1]; 
 head[i][2] = headTemp[i][2]; free(headTemp[i]); } 
 
Ntotal = numStokesletsHead + numStokesletsTail; 
printf("numStokesletsHead   =   %d\n",numStokesletsHead); 
printf("numStokesletsTail   =   %d\n",numStokesletsTail); 
printf("numStokesletstotal  =   %d\n",Ntotal); 
 
// printf("GHH -----------------------------\n"); 
for(m=1; m<=numStokesletsHead; m++){ 
for(n=1; n<=numStokesletsHead; n++){ 
if(m==n){ 
Shh = 2.00/(8*PI*vis*stokesletradiushead); 
for(i=1; i<=3; i++){ 
for(j=1; j<=3; j++){ 
if(i==j){ 
GHH[(3*m-4+i)+3*numStokesletsHead*(3*n-4+j)] = Shh;}else{ 
GHH[(3*m-4+i)+3*numStokesletsHead*(3*n-4+j)] = 0;}}}}else{ 
xmn = head[m-1][0] - head[n-1][0];  ymn = head[m-1][1] - head[n-1][1];  zmn = 
head[m-1][2] - head[n-1][2]; 
rmn = sqrt(xmn*xmn + ymn*ymn + zmn*zmn); 
for(i=1; i<=3; i++){ 
for(j=1; j<=3; j++){ 
if(i==1&&j==1) Shh = 
(pow(rmn,2)+2*pow(stokesletradiushead,2)+xmn*xmn)/pow(pow(rmn,2)+pow(stokeslet
radiushead,2),1.5); 
if(i==2&&j==2) Shh = 
(pow(rmn,2)+2*pow(stokesletradiushead,2)+ymn*ymn)/pow(pow(rmn,2)+pow(stokeslet
radiushead,2),1.5); 
if(i==3&&j==3) Shh = 
(pow(rmn,2)+2*pow(stokesletradiushead,2)+zmn*zmn)/pow(pow(rmn,2)+pow(stokeslet
radiushead,2),1.5); 
if(i==1&&j==2) Shh = (xmn*ymn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==1&&j==3) Shh = (xmn*zmn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==2&&j==1) Shh = (ymn*xmn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==2&&j==3) Shh = (ymn*zmn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==3&&j==1) Shh = (zmn*xmn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==3&&j==2) Shh = (zmn*ymn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
Shh /= 8*PI*vis; 
GHH[(3*m-4+i)+3*numStokesletsHead*(3*n-4+j)] = Shh;}}}}} 
 
Ntime = ceil(Time/dt);  
Ntime = 1; 
for(it=0;it<Ntime;it++){ 
start = second(); 




for(n=1; n<=numStokesletsHead; n++){ 
xmn = tail[m-1][0] - head[n-1][0];  ymn = tail[m-1][1] - head[n-1][1];  zmn = 
tail[m-1][2] - head[n-1][2]; 
rmn = sqrt(xmn*xmn + ymn*ymn + zmn*zmn); 
for(i=1; i<=3; i++){ 
for(j=1; j<=3; j++){ 
if(i==1&&j==1) Shh = 
(pow(rmn,2)+2*pow(stokesletradiushead,2)+xmn*xmn)/pow(pow(rmn,2)+pow(stokeslet
radiushead,2),1.5); 
if(i==2&&j==2) Shh = 
(pow(rmn,2)+2*pow(stokesletradiushead,2)+ymn*ymn)/pow(pow(rmn,2)+pow(stokeslet
radiushead,2),1.5); 
if(i==3&&j==3) Shh = 
(pow(rmn,2)+2*pow(stokesletradiushead,2)+zmn*zmn)/pow(pow(rmn,2)+pow(stokeslet
radiushead,2),1.5); 
if(i==1&&j==2) Shh = (xmn*ymn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==1&&j==3) Shh = (xmn*zmn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==2&&j==1) Shh = (ymn*xmn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==2&&j==3) Shh = (ymn*zmn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==3&&j==1) Shh = (zmn*xmn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
if(i==3&&j==2) Shh = (zmn*ymn)/pow(pow(rmn,2)+pow(stokesletradiushead,2),1.5); 
Shh = Shh/(8*PI*vis); 
GTH[(3*m-4+i)+3*numStokesletsTail*(3*n-4+j)] = Shh;}}}} 
 
 //  printf("GHT -----------------------------\n"); 
for(m=1; m<=numStokesletsHead; m++){ 
for(n=1; n<=numStokesletsTail; n++){ 
xmn = head[m-1][0] - tail[n-1][0];  ymn = head[m-1][1] - tail[n-1][1];  zmn = 
head[m-1][2] - tail[n-1][2]; 
rmn = sqrt(xmn*xmn + ymn*ymn + zmn*zmn); 
for(i=1; i<=3; i++){ 
for(j=1; j<=3; j++){ 
if(i==1&&j==1) Shh = 
(pow(rmn,2)+2*pow(stokesletradiustail,2)+xmn*xmn)/pow(pow(rmn,2)+pow(stokeslet
radiustail,2),1.5); 
if(i==2&&j==2) Shh = 
(pow(rmn,2)+2*pow(stokesletradiustail,2)+ymn*ymn)/pow(pow(rmn,2)+pow(stokeslet
radiustail,2),1.5); 
if(i==3&&j==3) Shh = 
(pow(rmn,2)+2*pow(stokesletradiustail,2)+zmn*zmn)/pow(pow(rmn,2)+pow(stokeslet
radiustail,2),1.5); 
if(i==1&&j==2) Shh = (xmn*ymn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==1&&j==3) Shh = (xmn*zmn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==2&&j==1) Shh = (ymn*xmn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==2&&j==3) Shh = (ymn*zmn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==3&&j==1) Shh = (zmn*xmn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==3&&j==2) Shh = (zmn*ymn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
Shh = Shh/(8*PI*vis); 
GHT[(3*m-4+i)+3*numStokesletsHead*(3*n-4+j)] = Shh;}}}} 
 
//  printf("GTT -----------------------------\n"); 
for(m=1; m<=numStokesletsTail; m++){ 
for(n=1; n<=numStokesletsTail; n++){ 
if(m==n){ 




for(i=1; i<=3; i++){ 
for(j=1; j<=3; j++){ 
if(i==j){ 
GTT[(3*m-4+i)+3*numStokesletsTail*(3*n-4+j)] = Shh; 
}else{ 
GTT[(3*m-4+i)+3*numStokesletsTail*(3*n-4+j)] = 0; 
}}}}else{ 
xmn = tail[m-1][0] - tail[n-1][0];  ymn = tail[m-1][1] - tail[n-1][1];  zmn = 
tail[m-1][2] - tail[n-1][2]; 
rmn = sqrt(xmn*xmn + ymn*ymn + zmn*zmn); 
 
for(i=1; i<=3; i++){ 
for(j=1; j<=3; j++){ 
if(i==1&&j==1) Shh = 
(pow(rmn,2)+2*pow(stokesletradiustail,2)+xmn*xmn)/pow(pow(rmn,2)+pow(stokeslet
radiustail,2),1.5); 
if(i==2&&j==2) Shh = 
(pow(rmn,2)+2*pow(stokesletradiustail,2)+ymn*ymn)/pow(pow(rmn,2)+pow(stokeslet
radiustail,2),1.5); 
if(i==3&&j==3) Shh = 
(pow(rmn,2)+2*pow(stokesletradiustail,2)+zmn*zmn)/pow(pow(rmn,2)+pow(stokeslet
radiustail,2),1.5); 
if(i==1&&j==2) Shh = (xmn*ymn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==1&&j==3) Shh = (xmn*zmn)/pow(pow(rmn,2) 
+pow(stokesletradiustail,2),1.5); 
if(i==2&&j==1) Shh = (ymn*xmn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==2&&j==3) Shh = (ymn*zmn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==3&&j==1) Shh = (zmn*xmn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
if(i==3&&j==2) Shh = (zmn*ymn)/pow(pow(rmn,2)+pow(stokesletradiustail,2),1.5); 
Shh = Shh/(8*PI*vis); 
GTT[(3*m-4+i)+3*numStokesletsTail*(3*n-4+j)] = Shh;}}}}} 
 
















 //  printf("Ld -----------------------------\n"); 
for(i=1; i<=Ntotal; i++){ 
if(i<=numStokesletsHead){ 
irx[0][0] = 0;  irx[0][1] =  head[i-1][2]-zcm;  irx[0][2] = -head[i-1][1]+ycm; 
irx[1][1] = 0;  irx[1][0] = -head[i-1][2]+zcm;  irx[1][2] =  head[i-1][0]-xcm; 
irx[2][2] = 0;  irx[2][0] =  head[i-1][1]-ycm;  irx[2][1] = -head[i-1][0]+xcm; 




for(k=1; k<=3; k++){ 
 IRX[(3*i-4+j)+3*Ntotal*(k-1)]   = eye[j-1][k-1]; 
 IRX[(3*i-4+j)+3*Ntotal*(k+2)]   = irx[j-1][k-1]; 
 IRXT[(k-1)+6*(3*i-4+j)]   = eye[j-1][k-1]; 
 IRXT[(k+2)+6*(3*i-4+j)]   = irx[j-1][k-1]; 
 IRXLd[(3*i-4+j)+3*Ntotal*(k-1)]   = eye[j-1][k-1]; 
 IRXLd[(3*i-4+j)+3*Ntotal*(k+2)]   = irx[j-1][k-1];}} 
 angle = atan2(head[i-1][2],head[i-1][1]); 
 Ld1 = 0; 
 Ld2 = WH*sqrt(pow(head[i-1][1],2)+pow(head[i-1][2],2))*(-sin(angle)); 
 Ld3 = WH*sqrt(pow(head[i-1][1],2)+pow(head[i-1][2],2))*(+cos(angle)); 
}else{ 
irx[0][0] = 0;  irx[0][1] =  tail[i-numStokesletsHead-1][2]-zcm;  
irx[0][2] = -tail[i-numStokesletsHead-1][1]+ycm; 
irx[1][1] = 0;  irx[1][0] = -tail[i-numStokesletsHead-1][2]+zcm;  
irx[1][2] =  tail[i-numStokesletsHead-1][0]-xcm; 
irx[2][2] = 0;  irx[2][0] =  tail[i-numStokesletsHead-1][1]-ycm;  
irx[2][1] = -tail[i-numStokesletsHead-1][0]+xcm; 
for(j=1; j<=3; j++){ 
 for(k=1; k<=3; k++){ 
  IRX[(3*i-4+j)+3*Ntotal*(k-1)]   = eye[j-1][k-1]; 
  IRX[(3*i-4+j)+3*Ntotal*(k+2)]   = irx[j-1][k-1]; 
  IRXT[(k-1)+6*(3*i-4+j)]   = eye[j-1][k-1]; 
  IRXT[(k+2)+6*(3*i-4+j)]   = irx[j-1][k-1]; 
  IRXLd[(3*i-4+j)+3*Ntotal*(k-1)]   = eye[j-1][k-1]; 
  IRXLd[(3*i-4+j)+3*Ntotal*(k+2)]   = irx[j-1][k-1]; 
  }} 
 
angle = atan2(tail[i-numStokesletsHead-1][2],tail[i-numStokesletsHead-1][1]); 





  } 
Ld[3*i-3] = Ld1;    Ld[3*i-2] = Ld2;    Ld[3*i-1] = Ld3; 
IRXLd[18*Ntotal+3*i-3] = Ld1;    IRXLd[18*Ntotal+3*i-2] = Ld2;    
IRXLd[18*Ntotal+3*i-1] = Ld3;} 
   //  copy to device 
checkCudaErrors(cudaMalloc ((void**)&d_G      , sizeof(double) * 
3*Ntotal*3*Ntotal)); 
checkCudaErrors(cudaMalloc ((void**)&d_Ld     , sizeof(double) * 3*Ntotal)); 
checkCudaErrors(cudaMalloc ((void**)&d_IRXT   , sizeof(double) * 
3*Ntotal*6)); 
checkCudaErrors(cudaMalloc ((void**)&d_IRXLd  , sizeof(double) * 
3*Ntotal*7)); 
checkCudaErrors(cudaMalloc ((void**)&d_invGLd , sizeof(double)  * 
3*Ntotal*1)); 
checkCudaErrors(cudaMalloc ((void**)&d_MB     , sizeof(double)  * 6*7)); 
checkCudaErrors(cudaMalloc ((void**)&d_M   , sizeof(double)  * 6*6)); 
checkCudaErrors(cudaMalloc ((void**)&d_B   , sizeof(double)  * 6*1)); 
checkCudaErrors(cudaMalloc ((void**)&d_Vcm1   , sizeof(double)  * 7*1)); 








checkCudaErrors(cudaMemcpy(d_IRXT, IRXT , sizeof(double) * 3*Ntotal * 6   
, cudaMemcpyHostToDevice)); 







    
linearSolverLU(handle, 3*Ntotal, d_G, 3*Ntotal, d_IRXLd, 7); 
checkCudaErrors(cublasDgemm_v2(cublasHandle, CUBLAS_OP_N, CUBLAS_OP_N, 
6,7,3*Ntotal,&one,d_IRXT,6, d_IRXLd, 3*Ntotal, &zero, d_MB, 6)); 
checkCudaErrors(cudaMemcpy(MB,d_MB,sizeof(double)*6*7, 
cudaMemcpyDeviceToHost)); 
for(i=0;i<6*7;i++){ if(i<6*6){M[i] = MB[i];} if(i>=6*6){ B[i-36] = -




linearSolverLU(handle,6, d_M, 6, d_B, 1); 
checkCudaErrors(cudaMemcpy(B,d_B,sizeof(double)*6*1,cudaMemcpyDeviceToHost)); 
for(i=0;i<6;i++){Vcm[i]=B[i];} 
for(i=0;i<6;i++){Vcm1[i]=Vcm[i];} Vcm1[6] = 1.0;  
checkCudaErrors(cudaMemcpy(d_Vcm1,Vcm1,sizeof(double)*7*1,cudaMemcpyHostToDevi
ce)); 
checkCudaErrors(cublasDgemm_v2(cublasHandle, CUBLAS_OP_N, CUBLAS_OP_N, 
3*Ntotal, 1, 7, &one, d_IRXLd, 3*Ntotal, d_Vcm1, 7, &zero, d_invGLd, 
3*Ntotal)); 
checkCudaErrors(cudaMemcpy(invGLd, d_invGLd, sizeof(double)*3*Ntotal*1, 
cudaMemcpyDeviceToHost)); 
 
Fxh = 0;    Fyh = 0;    Fzh = 0;    Txh = 0;    Tyh = 0;    Tzh = 0; 
for(i=0;i<numStokesletsHead;i++){ 
 Fxh +=  invGLd[3*i];     Fyh += invGLd[3*i+1];     Fzh += invGLd[3*i+2]; 
 Txh += head[i][1]*invGLd[3*i+2]-head[i][2]*invGLd[3*i+1]; 
 Tyh += head[i][2]*invGLd[3*i]  -head[i][0]*invGLd[3*i+2]; 
 Tzh += head[i][0]*invGLd[3*i+1]-head[i][1]*invGLd[3*i]; } 
 
for(i=0;i<numStokesletsTail;i++){ 
 tail1 = tail[i][0]; 
 tail2 = cos(WT*dt)*tail[i][1] - sin(WT*dt)*tail[i][2]; 
 tail3 = sin(WT*dt)*tail[i][1] + cos(WT*dt)*tail[i][2]; 




cm[0], Vcm[1], Vcm[2], Vcm[3], Vcm[4], Vcm[5], Fxh, Fyh, Fzh, Txh, Tyh, 
Tzh);fclose(fid); 
stop = second(); time_solve = stop - start; 
printf("Case:\t %d iteration:\t%i of %4.0f\t Time Left:\t%3.3f 
minutes.\n",ii+1,it+1,ceil(Time/dt),(Ntime-it)*time_solve/60); }} 
cudaDeviceReset(); return 0;} 
